A method is proposed to manipulate the annihilation dynamics of a dense gas of positronium atoms employing superradiance and subradiance regimes of the cooperative spontaneous emission of the system. The annihilation dynamics is controlled by the gas density and by the intensity of the driving strong resonant laser field. In particular, the method allows to increase the annihilation lifetime of an ensemble of positronium atoms more than hundred times by trapping the atoms in the excited state via collective radiative effects in the resonant laser and cavity fields.
Different from ordinary atoms, the Ps atom is unstable. The singlet Ps (para-Ps) annihilates mainly by two γ-photon emission with a short lifetime τ s = 1.25×10 −10 s whereas the triplet Ps (ortho-Ps) annihilates through three γ-photon emission with a longer lifetime τ t = 1.4 × 10 −7 s [1] . Such short lifetimes give rise to evident difficulties in accumulating Ps atoms and achieving Ps BEC. Extending the Ps lifetime will considerably increase the feasibility for Ps BEC, even with a singlet Ps. The Ps atoms are produced predominantly in the n = 1 ground state; only about one in 10 3 − 10 4 atoms is found in the n = 2 upper state [11] . For states with a high angular momentum, the annihilation rate is much smaller than the rate for the respective s-state, and the lifetime is considerably larger. To extend the Ps lifetime, one may keep the atoms away from the s-state. The optical pumping has been proposed as a method for populating the excited states of Ps atoms and for increasing the Ps lifetime. In particular, Pazdzerskii [12] , Faisal [13] and Mittleman [14] have proposed to use a resonant laser field to excite Ps out of the ground s-state to a higher p-state. With a single resonant field the best result that can be achieved is the doubling of the Ps lifetime. When using two resonant driving laser fields which couple three states of Ps in a V-type system [15] , a better result via coherent population trapping scheme can be achieved, increasing the annihilation lifetime by about a factor of 2 for the triplet case and 20 for the singlet case. More efficient excitation of Ps atoms are shown in [16] at the expense of applying stronger laser fields (up to intensities of 10
13

W/cm
2 ) and at a high ionization background which is hardly applicable in the case of the BEC formation. The first experimental observation of resonant laser excitation of high-n states in Ps in a magnetic environment has been carried out by Ziock et al. [17] .
In this Letter, we investigate the role of cooperative radiative processes in a dense gas of Ps atoms on the population dynamics and its influence on the annihilation evolution of the ensemble. Employing superradiant spontaneous emission, controlled by the density of the gas, and combining it with a resonant driving laser field, a population trapping scheme is developed which can significantly enhance the lifetime of the Ps ensemble. Moreover, the characteristics of the trapping scheme is shown to be essentially improved when the cavity accommodating the Ps gas constitutes a radiation cavity.
In a dense gas of Ps atoms, cooperative effects can significantly influence the spontaneous emission processes if the inter-particle distances are less than the involved radiation wavelengths. The annihilation produces γ-rays with a wavelength λ ∼ λ C , where λ C = 3.86 × 10 −11 cm is the Compton wavelength. The cooperative effects play a role in the case of annihilation only if the density of the Ps gas is larger than the characteristic density ρ c ∼ λ −3 ∼ 10 31 cm −3 . Since the achievable densities for the Ps accumulation are much smaller, the superradiant enhancement of the annihilation is not realistic. However, the wavelengths of bound-bound transitions are rather large which allows in principle for collective radiative effects to enter into play. In particular, the transition from n = 2 to n = 1 states corresponds to a wavelength of λ 12 ∼ 0.23 µm (ρ c ∼ 10 14 cm −3 ), while the transition from n = 3 to n = 2 to λ 01 ∼ 1.2 µm (ρ c ∼ 8 × 10 12 cm −3 ), see Fig. (1a) . Such densities are within the reach for modern Ps accumulation techniques [18] . Therefore, the selective atomic spontaneous transitions can be cooperatively enhanced by means of adjusting the density of the gas. This opens a way for controlling the population of Ps excited states and, via coherently coupling the bound-bound and bound-free transitions, for controlling the annihilation dynamics.
We consider an ensemble of singlet Ps atoms with a high density, allowing a significant interaction between atoms via the common vacuum field. The model of our system is characterized by N identical nonoverlapping three-state Ps atoms, consisting of 3D state |0 , 2P state |1 , 1S state |2 and the vacuum state |3 , as shown in Fig. 1(a) . Our model includes resonant coupling of the atomic transition between the states 3D and 2P by a coherent laser field. Other dipole-allowed transitions 3D ↔ 2P and 2P ↔ 1S are coupled via vacuum modes with dipole moments d 01 and d 12 , respectively. The Ps atoms in the singlet 1S ground state annihilates through two γ-photon emission and the vacuum state |3 is introduced to account for the annihilation channel (see Fig. 1a ). In the dipole approximation, the Hamiltonian of the total system reads:
where H A and H F describe the free time evolution of the atoms and the vacuum radiation field, respectively:
The interaction between the Ps atoms and the quantized vacuum radiation field is described by
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where g ks = ǫ ks 2π ω ks /V and ω (j) α with α ∈ {0, 1, 2} are the energies of the state |α of the j-th atom. S (j) αβ = |α jj β| with {α, β} ∈ {0, 1, 2, 3} represents the population in the state |α of the j-th atom if α = β or the transition operator from |β to |α of the j-th atom if α = β while obeying the commutation relations S
is the annihilation (creation) operator of the photon with the wave vector k and ǫ ks represents the unit polarization vector with s ∈ {1, 2} and frequency ω k . r j is the position of the j-th Ps atom. H L represents the interaction Hamiltonian of the Ps atoms with the resonant laser field
with Ω and k L being the Rabi frequency and the wavevector of the laser field, respectively, and ω αβ = ω α − ω β is the transition frequency of the |β ↔ |α transition. H D describes the annihilation of Ps atoms from the ground state into high-energy photons [15] . It is assumed that the interparticle separations among the Ps atoms (r jl = | r j − r l |) do not exceed the corresponding 3D ↔ 2P and 2P ↔ 1S transition wavelengths. Then, in the usual Born-Markov, mean field and rotating-wave approximation the Ps quantum dynamics is governed by the following master equation:
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32 ρ] + H.c., (5) where γ First, we investigate how the cooperative spontaneous transitions influence the annihilation dynamics of the dense ensemble of Ps atoms. We begin with the case of no driving resonant laser field (Ω = 0) and prepare the initial Ps ensemble in the excited 2P state. The decay 2P → 1S occurs due to cooperative spontaneous emission. There will be no population in the 3D state such that the first term in the r.h.s. and the second one in the l.h.s. of Eq. (5) yield no contribution. In this situation, the Ps atom in the ensemble represents a two-level decaying (annihilating) system. The annihilation dynamics is investigated via numerical integration of the master equation Eq. (5). The equations for the populations are governed by the following parameters: the number of collectively interacting Ps atoms N , the geometrical factor µ 1 (µ 1 ∼ λ 2 12 /d 2 , when the ensemble of Ps atoms has a form of a cylinder with a diameter d [22] ) and decay rates γ 1,2 . We choose N = 10 6 such that 70% are prepared in the excited 2P state while the rest resides in the 1S ground state and µ 1 = 0.006. The evolution of populations in the 1S and 2P states as well as of the annihilation process are represented in Fig. 2 . For a comparison, the annihilation process for an independent Ps atom as a function of time is also shown in Fig. 2 . The annihilation of the ensemble is altered due to collective spontaneous emission. For an ensemble of N initially excited two-level atoms the constructive interatomic interferences induce the atoms to radiate cooperatively with the probability proportional to N 2 and a quantum dynamics N times faster than for an independent atoman effect known as superradiance [22, 23] . The atoms in the excited 2P state suddenly decay to the 1S state in a short time at the very beginning which induces a sudden burst in the 1S state population. After the superradiance burst, a subradiant state is formed and the population of the 2P state reaches a constant value which is different from zero for a while and there is no cooperative emission during this time. In fact, it is well-known that in the (antisymmetrical) subradiant state [23] , a pair of two-level radiators is unable to radiate which is due to destructive interference when the atoms are not all deexcited [24, 25] . In contrast to the ordinary atoms, Ps in the 1S ground state will annihilate with an annihilation rate much larger than the radiative rate of the 2P → 1S transition (γ 2 ≫ γ 1 ). The annihilation effect breaks the spontaneously created subradiant state and the second superradiance burst appears. Because of the competition between the increase of population in the 1S state and the annihilation, the system reaches the second subradiant state, which is later destroyed by the annihilation again and followed by the third superradiant emission. The same processes will occur until there is no population in the 2P state anymore. The time delay between superradiant transitions, T d , is determined by the annihilation rate:
2 , see Fig. (2) . The peaks in the 1S state population create modulation of the annihilation yield, see the dotted curve in Fig. 2 , with a periodicity of T d . The latter can be controlled by modifying the Ps density, the geometrical factor µ 1 , and by the initial population preparation. Thus, there is a direct link between the collective effects and annihilation dynamics which, in particular, can be used to enhance the Ps lifetime.
To increase the Ps lifetime, we employ a coherent resonant circularly polarized driving laser field which drives the atoms between the 1S and 3D states. The density of the Ps ensemble (ρ) is chosen in a way that the radiative transition 3D → 2P is collective, but, at the same time, the radiators are independent on the transition 2P → 1S: λ
12 . Then, due to the constructive interatomic interference, the Ps atoms rapidly decay to the 2P state cooperatively and are trapped in the excited 2P state for a much longer time than independent Ps atoms and this results in a significant increase of the annihilation lifetime. Without collective radiative transitions, only little population will be collected in the 2P state. In fact, the spontaneous decay on the 2P → 1S transition is much faster than that of 3D → 2P as γ 0 < γ 1 and there will not be enough time for accumulating the population in the excited 2P state before decaying to the 1S ground state. It can be seen from Fig. 3(a) that the population of the 2P state is almost zero for an independent Ps atom even when coupled by a strong laser field with Ω = 500γ 2 . In contrast to this, when collective effects in the transition 3D → 2P enter into play, enhancing the transition probability while the radiators are independent on the transition 2P → 1S, almost 80% of the population can be pumped into the excited 2P state with a longer lifetime, see Fig. 3(a) . Accordingly, the annihilation lifetime is extended about 20 times.
There is a possibility for further increasing the trapping capability of our scheme at a fixed density of Ps atoms. We propose the following strategy for optimized trapping. We choose a regime when collectivity is present on both the dipole-allowed transitions 3D → 2P and 2P → 1S:
12 . Then, the population will be collected in the 2P -state if the collective transition rate 3D → 2P is larger than the one for the 2P → 1S transition. The collective transition rate 3D → 2P is proportional to γ 0 and the increase of the latter will increase in total the impact of the collective effects on the trapping. It is well-known that the rate of spontaneous emission depends partly on the surrounding environment, in particular, on the vacuum mode density, which can be modified, e.g., via an optical cavity, similar to the Purcell effect [26, 27] (confirmed also experimentally [28] ). Therefore, in order to enhance the spontaneous decay rate γ 0 , we place the ensemble of Ps atoms in a cavity (see Fig. 1b ), whose fundamental mode frequency is resonant with the 3D ↔ 2P transition frequency. Due to the resonant coupling, the spontaneous decay rate γ 0 changes into γ [21, 29] , where g is the atomcavity coupling strength and κ is the cavity damping rate. A cavity-induced enhancement occurs if g 2 /κ is larger than the free space decay rate γ 0 . Using an enhanced decay rate γ 0 = 1.6γ 1 , we solve the master equation Eq. (5) for the case when collectivity is present on both dipoleallowed transitions. The time evolution of population in the excited 2P state is represented in Fig. 3(b) for an ensemble of N = 10 4 Ps atoms excited by the resonant laser field with Ω = 500γ 2 . In the case of an independent Ps atom, the resonant laser field drives the population in the excited 3D state and only 5% of population remains in the excited 2P state at the very beginning due to the fast decay from the 3D state to the 2P state. Nevertheless, for an ensemble of collectively interacting Ps atoms, the population is almost completely transferred to the excited 2P state at the very beginning. For higher interaction times, the population in the 2P state decreases quite slowly but steadily, and eventually reaches zero at very long times γ 2 t ≫ 100. As a result, the annihilation lifetime is extended by about a factor of more than 200, which is much larger than in previous works [12] [13] [14] [15] .
In summary, we have shown that the cooperative spontaneous emission available at high density of a Ps ensemble can be employed to manipulate the annihilation dynamics. In particular, the collective effects for a Ps ensemble, coupled simultaneously with a laser field and an optical cavity are shown to allow for the trapping of atoms in the excited p-state and, in this way, for significantly increasing the Ps annihilation lifetime and facilitating Ps BEC formation.
